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The temperature dependence of the surface plasmon resonance in small metal spheres is calculated
using an electron gas model within the Random Phase Approximation. The calculation is mainly
devoted to the study of spheres with diameters up to at least 10 nm, where quantum effects can still
be relevant and simple plasmon pole approximation for the dielectric function is no more appropriate.
We find a possible blue shift of the plasmon resonance position when the temperature is increased
while keeping the size of the sphere fixed. The blue shift is appreciable only when the temperature is
a large fraction of the Fermi energy. These results provide a guide for pump and probe experiments
with a high time resolution, and tailored to study the excited electron system before thermalisation
with the lattice takes place.
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I. INTRODUCTION
The electron gas is a proven prototype for interacting
electrons in metals and it is a powerful reference model
in the development of modern theories of many electron
systems. The knowledge of the electron gas as a highly
symmetric model containing, nonetheless, the physics of
the real systems, has been instrumental to the develop-
ment of the Density Functional Theory [1] (DFT). So,
there exists an enormous body of studies [2] on the elec-
tron gas properties, even though a less touched subject
concerns the properties of the electron gas when confined
within a limited volume [3–6].
Small metal fragments have been extensively investi-
gated over the last years because of their very exciting op-
tical properties that are exploited for applications in dif-
ferent areas [7–10]. Small, that is nanometer scale, metal
spheres are used in optical techniques, like SERS, SEIRA,
etc., whose empirical development relies upon the classi-
cal Mie’s theory [11] of light diffusion from a metal sur-
face, which provides a reasonable working model for ex-
periments in the visible region [12]. In practical appli-
cations rather small nanoparticles are employed, which
might cause quantum mechanics effects to show up fol-
lowing the transition from the continuous energy spec-
trum of an extended system into the discrete energy spec-
trum of a size-limited system. Although quantum effects
should be visible in optical spectra, no experimental ev-
idence is available. Moereover, there are controversial
indications on quantum effects as being quite visible in
small spheres [3] against their conjectured suppression.
At the core of the debate is the capability of a proper
treatment of the dynamic screening1 in the extended ver-
sus confined electron system.
1 From the book of Pines and Nozieres [13]: Indeed, the central
The theoretical approach is nowadays challenged by
the experimental possibilities opened by new sources like
the Free Electron Lasers operating in a wide wavelength
region [14]. Indeed, it is becoming possible to get exper-
imental data on the behavior of materials in conditions
of a highly excited electron system, which enhances the
role of the dynamical screening.
The seminal paper of Wood and Ashcroft [15] on opti-
cal response of small fragments of electron gas, initiated
the theoretical research on specific fragments contain-
ing enough electrons using the most advanced techniques
[3, 9, 16–20]. These modern techniques are very efficient
with a solid theoretical foundation, based on the DFT,
extended to the time dependent problems [16], although
two basic limitations affect such an approach. First, the
size of the fragment is too small and second, and more
important, the calculation is purely numerical so limiting
the understanding of the physical mechanisms responsi-
ble for the observed behavior. Whereas the first condition
might be relaxed by improving the numerical technique,
the second one is intrinsic to fully numerical approaches.
Further, the DFT is tailored to describe zero-temperature
problems, whereas the investigation of quantum effects in
small fragments finds its counterpart in the experiments
on matter in extreme conditions. This possibility is of-
fered by the high energy density available at the new co-
herent light sources, the Free Electron Lasers (FEL), over
wide wavelength regions [14]. FELs experiments can be
exploited to investigate the behavior of matter at extreme
temperature conditions, as T> 104 K. The good time res-
olution achievable in pump and probe experiments allows
first for strongly exciting the electron system, which em-
problem in developing a divergence-free theory of electron sys-
tems is that of introducing the concept of dynamic screening in
consistent fashion.
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2phasizes the role of the dynamic screening, and, second,
for probing the optical response at these conditions. The
finite temperature is still a challenging problem even for
the electron gas [21, 22], i.e. a system where the most
advanced theoretical and simulation techniques can be
applied.
In this paper we present a study of the longitudinal
dielectric function of a fragment of electron gas using the
self-consistent approximation [23] for electrons confined
in a finite volume Ω. A spherical volume Ω is chosen
because it corresponds to a more realistic shape and it
is characterized by non-uniformly spaced energy levels,
a condition that is relevant when searching for quantum
effects evidence. This study goes beyond that presented
in Ref. [15] on a fragment of electron gas treated within
the Random Phase Approximation (RPA).
The present approach enables to study a system con-
taining several thousands of electrons to recover the sur-
face plasmon response using the classical boundary condi-
tions [11, 15]. In the following sections the fundamental
results of the self-consistent field approach [23] are re-
called for the straightforward application to the confined
electron gas, in order to identify the quantum effects re-
lated to the discrete distribution of the electron states
arising from the finite volume boundary conditions.
Our calculation is computationally fast enough to en-
able the investigation of the effects brought about by the
change of relevant parameters like the electron density
ne = 3/4pi(rsaB)
3 (aB , Bohr radius) and the size of the
fragments. We focus on the temperature dependence of
the surface plasmon resonance in a single gold nanopar-
ticle up to T ' 105K, that is kB T = 1 Ryd.
II. CALCULATION OF THE DIELECTRIC
FUNCTION IN A FINITE VOLUME
We start from the general result of the self-consistent
field approximation [23] and consider an electron gas con-
fined in the finite volume Ω. In a finite system the bound-
aries break down the translational symmetry of the elec-
tron gas thus introducing several effects which are not
present in the extended system [15].
Let φk(r) be the single particle wave function, k a
generic quantum number, and k the associated energy.
The actual expression of the wave function depends on
the shape of the system volume and analytical forms
are available for the parallelepiped and the sphere cases.
For a sphere, the wave function φk(r) is proportional to
the product of a spherical Bessel function jl(knr) times
a spherical harmonic Ylm(rˆ). The corresponding en-
ergy nl is given by the n-th zero znl of jl(x), that is
nl = ~2k2n/2m = ~2z2nl/2mR2, being R the sphere ra-
dius. Unfortunately, there is no explicit formula for the
values of the zeros of the spherical Bessel functions when
l > 0, therefore they must be calculated numerically. It
is important to note that, apart from the case l = 0, the
spacing of znl is not uniform and there is a continuous,
almost linear, increase of the position of the first zero on
increasing l.
The diagonal part of the longitudinal dielectric func-
tion (q, ω), at thermodynamic equilibrium and in the fre-
quency domain, can be obtained from the von Neumann-
Liouville equation for the single particle density matrix
linearized in order to derive the response function of the
system to an external (weak and adiabatically switched)
electric potential. We confine ourselves to systems with
a paired spin distribution. The result is:
(q, ω) = 1−2v(q) lim
η→0+
∑
kk′
f(Ek′)− f(Ek)
Ek′ − Ek − ~ω + iηM
2
kk′(q)
(1)
where f(E) is the (Fermi) population factor, η is a van-
ishingly small positive number that governs the adia-
batic switching of the external potential, v(q) is the
Fourier transform of the bare Coulomb electron poten-
tial 4pie2/q2 and M2kk′(q) is the matrix element of the
Fourier transform of the electron density. This expres-
sion reduces to the well known Lindhard dielectric func-
tion for the bulk electron gas and it does not contain
further approximation other than those related to the
RPA [2, 23].
We observe that in the case of a small fragment, the
broken translational symmetry allows also for intra-band
transitions that are forbidden in the homogeneous gas.
A reliable calculation of the dielectric function requires
a highly accurate calculation of the matrix elements.
This task becomes increasingly complex for larger sizes
of the fragments; a situation that is relevant for the
present calculation, as small fragments can be treated
using atomistic approaches (e.g. TDDFT). In the case of
a spherical fragment, the calculation of the matrix ele-
ments is more complex as no fully analytical formulation
exists. The matrix elements are expressed in terms of
integrals of three spherical Bessel functions and 3j sym-
bols. Through a proper manipulation of these formulas,
the calculation reduces to the sum of Bessel function in-
tegrals and 3j symbols that depend only on the three
angular quantum numbers l1, l2, l3 over a wide range of
values, namely up to 100-200 depending on the size of the
particle. Considering that the matrix elements depend
on q only through the integrals of the Bessel functions,
the calculation of the 3j symbols can be carried out just
once and then stored. Similarly, the matrix elements are
calculated at each q value and stored to perform the cal-
culation of the dielectric function as a function of the
energy.
To determine the effect of the parameter η, we note
that the limit as a function of η cannot be carried out
numerically and the only possibility is to calculate (q, ω)
at different values of η. In any case, η should be consid-
ered with some care. Indeed, 1η is often identified as a
relaxation time responsible for broadening the quantum
peaks that are expected to appear as a consequence of
the discreteness of the electron energy spectrum in the
3confined system. This straightforward relaxation time
approximation is, in our opinion, not correct since the
continuity equation is locally violated as discussed in Ref.
[15]. For a more detailed discussion on the problem of
producing a conserving theoretical approach one can re-
fer to the reference paper of Baym and Kadanoff [24] and
to some applications like that of Refs. [25, 26].
III. NUMERICAL CALCULATION OF THE
DIELECTRIC FUNCTION
The numerical determination of (q, ω) requires, as
said, the calculation of integrals of the spherical Bessel
functions and 3j-symbols over a wide range of angular
momentum with high accuracy. In the high temperature
case, the maximum angular momentum to be included
is fairly large but the calculation could be carried on in
a rather accurate way. For a safely accurate calculation
up to temperatures T = 105 K in the case of a 10 nm
sphere, we decided to include all the contributions up to
l = 200, so that energies up to 5 Ryd were considered.
Accordingly, the integrals of the Bessel functions had to
be calculated with a six digit accuracy. The calculation
of the 3j symbols was performed following the proposal of
Ref. [27] using a specifically written code. After several
tests, we concluded that the calculation of the dielectric
function was accurate to better than three digits. A de-
scription of the numerical techniques is given in a more
extended paper that is in preparation.
The calculation of the dielectric function was per-
formed at rs = 3 (the typical average electron density
of a gold particle) for several q values and for an energy
range up to 1 Ryd, with varying η. As a typical result,
we show in Fig.1 the dielectric function of a sphere with
radius R = 3.1 nm, at q = 0.2 a.u. and T = 0 K. The
results obtained using η = 0.0001 Ryd and η = 0.001
Ryd are shown in the two panels of Fig.1.
The overall trend is similar to the RPA result in the
homogeneous electron gas, although a complex structure
is apparent in the low energy region, which is clearly
related to the discrete level structure of the fragment.
Also, while the imaginary part of the dielectric function
of the electron gas is zero outside the particle-hole pair re-
gion, limited by the two parabolic functions ~ω/(2kF )2 =
(q/2kF )
2 + q/2kF and ~ω/(2kF )2 = (q/2kF )2 − q/2kF ,
the same function calculated for the sphere can extend
beyond this region, due to the breaking of the transla-
tional symmetry for the reduced spherical volume. We
note also that the η = 0.001 Ryd corresponds to a relax-
ation time τ ' 5 · 10−14 s−1, a value fairly higher than
that derived from the Drude model for metals Ref. [28].
Further insight on the temperature dependence of the
plasmon resonance is provided by the study of the re-
sponse function which is proportional to the extinction
cross section, under different conditions [11], i.e.
A(q, ω) = −=
[
1
(q, ω) + Cm
]
(2)
where m is the dielectric function of the external medium
and C is a constant equal to 0 for a bulk system, to 1
for an infinite surface and to 2 for a sphere [11]. We
assumed m = 1 corresponding to the case of particles
in the empty space, as done in Ref. [3] so that a direct
comparison is possible for the case of the R = 1.34 nm
sphere.
In Fig. 2 (a) we show the response A(q, ω) for a sphere
(C = 2) with radius R = 3.1 nm, containing 7445 elec-
trons at rs = 3, in vacuum (m = 1), as a function of
temperature from T = 0 to T = 50000 K. Larger sys-
tems can be treated using the present approximation over
the same temperature range. We fixed q = 0.01 a.u. to
approximate the q → 0 limit. We also show the result
at T = 0 obtained using m = 4, so that the plasmon
peak is red-shifted. It is quite interesting to observe that
most part of the complex structure visible in the dielec-
tric function (Fig.1) disappears, and the response results
in a rather smooth function with a single peak that can be
attributed to the surface plasmon. Secondary structures
are visible in a fashion similar to what reported in Ref.
[3]. For comparison purposes, the response A(q, ω) calcu-
lated at R = 1.34 nm and T = 316 K is shown in Fig.2 (b)
against the companion results from Ref. [3]. We observe
that the present calculation of the response function pro-
vides results very similar to the advanced TDDFT, which
represents a reasonable support for the validity of our
high temperature calculation. On further increasing the
temperature, further smoothing of the peak structure oc-
curs, as expected. Considering that the function A(q, ω)
is related to the quantity measured in a real transmission
experiment, these results indicate that quantum effects
can be difficult to observe in practical conditions.
Fig. 3 shows the trend of the surface plasmon res-
onance position as a function of temperature. A con-
tinuous increase of the energy of the resonance is readily
observed in the range from 0 to 105 K, by a quantity that
is well detectable with the current experimental capabil-
ities. This result suggests that a pump and probe exper-
iment with adequate time resolution is feasible. There-
fore, by heating small metal particles by means of a short
(say 50 fs) pump laser pulse, the electronic temperature
could be determined by measuring the position of the sur-
face plasmon resonance with a probe delayed by a time
interval short enough to maintain a hot electron plasma
and no much energy transferred to the lattice.
IV. CONCLUSIONS
The present results show that a free electron approx-
imation provides good results for the description of the
dielectric function of electron gas fragments, particularly
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FIG. 1. Dielectric function of a sphere (full black line) with
rs = 3 and R = 3.1 nm, performed at q = 0.2 a.u. and T = 0
K. Panel (a), η = 0.0001 Ryd, left plot, real part of (q, ω),
right plot, imaginary part of (q, ω). The horizontal dashed
line is the zero level and the vertical dashed line indicates the
boundary of the particle-hole excitation region (see text) and
also the position of the scale change (times 5) used to make
visible the trend at high ~ω. Panel (b), the same as Panel a
but with η = 0.001 Ryd.
when the fragment is rather large and contains thousands
of electrons, at thermal energies comparable to or higher
than the Fermi energy. The proposed approach is quite
flexible and it is easy to include the exchange-energy con-
tribution. Further improvements can also be considered.
Considering that the dielectric function (Eq. 1) is the
sum of several state-dependent contributions, the state
populations can be changed by properly modeling the
effect of an incoming photon beam that produces transi-
tions from one state to the other. This also contributes
to the increase of the sample electronic temperature or
to the presence of hot carriers [7].
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FIG. 2. Panel (a), optical response function A(q, ω) at rs = 3
and R = 3.1 nm, calculated at T = 0 (full black curve) and T
= 50000 K (full red curve) in vacuum, and in a surrounding
medium with m = 4 at T = 0 (black dotted curve). Panel (b),
comparison between the present calculation (full grey surve)
and that performed using TDDFT for a small sphere con-
taining about 100 electrons, at T = 316 K, in vacuum (black
dashed-dotted curve).
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FIG. 3. Position of the surface plasmon resonance of a gold
nanoparticle (R = 1.34 nm, rs = 3), estimated as the center
of mass of the response function A(q, ω), as a function of
temperature in the range 0-105 K. The vertical dashed line
corresponds to the Fermi temperature in bulk gold.
